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The fallowing two papers solve the general case of a problemn posed by YoshiyukiKotani
of Japan regarding an ant positioned on the surface of a 1%axb rectangular selid block,
They are dedicated to Martin Gardner on the occasion of the Gathering for Gardner held
in Atlanta, GA inJanuary 1998,

The first paper solves the general case of Kotani's original problem: What isthe farthest
point away in surface distance from an ant located at a vertex of a 1xaxb blodd® The
paper also finds the farthest points from the ant when it is located at any of the face
centers of the block, The second paper deals with the problem of finding the poles of
inacecessibility of the block, that isthe two points on the block that are farthest apart
from each other in surface distance,



Gendegcs on the oaxb Rectangular Block

Introd uctian . . .

A recent post card from my frienddob “oshigahars in lapan asked me

to imagine an ant crawling on the surface of a e rectang ular salid

as shown in the picture at right, The ant is positionad at A and can travel
to any other paint on the surface along a geodesic, the shortest path to
its destination, | wasasked 1o find the farthest point from A and was told
it iz not the paint B, This prablem is the creation of “oshiviktani,

a mathematics professor in Saitama, Japan and he discovered that the
farthest point is not at B but at a specific place on the far face,

Fexreational mathematical problems invalving geodesics an
rectangular solid s have been around for nearly 100 wears and

are well documented byling master (Ref 1) as Spider and Fly
problems. Mone of them seem to covaotanisdiscovery or

the mare generalized results discussed here, This paper

ahalyzes Kotanisoriginal problem and then explores related
prablemsan the ez block and blocks of arbitrary measurements,

The 11z Block

For starters consider the following problem,

Problem 12 On the 122 rectangular block swhat 1= the
shorbest path between diagonally opposite corners A and B?

This prablem can be analvzed conveniently by unfolding the
block along its edges in warious ways as shown in Figure 2,
Geodesic paths on the block are seen simply as straig ht lines
oh the unfolded block faces, Careis required, howeser, to
consider all possible ways to unfold the block to determine
the true shortest path betwesh twio points, For example, in
Figure 2a the path betwesan A and B has a lengthofd=
=2.8284.. whilz in Figure2b it haza length of d=

=3ade27., Clearly the sscond path is nota global geadesic
from & to B; the ant has taken a longer way,

Figure 3 shows how to consider all the possible paths from A

to B, It unfolds the block holding B atthearigin and ind icates, ——
the infinity of possible images for the 1w face containing A =+
In thisdiagram the w2 sides are not all shown but can bé 243
imagined in place to plot paths from A to B, The immensaly

distant images of A correspond to paths from B that spiral

around many = faces, From the figure its clear that the

path in Figure 2a isthe minimum; thedistance { ) from

Bto the images A . A& and A iz smaller than the distance

o any other image of A,

This same approach can now be applied HMotanisoriginal problem,
Problem 2= Wheare on the 1z block is the farthest paint from corner
A and what is the distance betwesn itand A2

To determine the farthest point from A focus on the 10 face as shown
in Figure 4., The farthest point P, must be at fxx) 50 5% be equidistant
from images 1.7.0 and 10 and further from image 4.
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The condition for thisis 1A

(2" (e + (220 (200 = (3207 (30 + (-0 (100

which leads tox=1/4 and a distace of Wi3g'4=2.85043858272. | e A
Figure 5 shows the four equal paths from Ato P, Two of the paths o D ]
travel over two faces of the block while the other two travel owver [

three of its faces, ‘-,1‘

Figureg

Related problems of interest on the 11z block are:

Problem 3: What point is farthest from the center point of a1
face and how far away is it?

Problem 4: What point isfarthest from the center point of a2 132 face and how far away isit?

It isinteresting to define two types of special points for the block. Firstly, thereisa pair of points
on the block that are mere distant from each other than any other pair of points. These points
are called the poles of inaccessibility and the distance between thern is called the radius of
inaccessibility. Secondly, there are points on the block having the smallest distance to their
farthest points, Such a point is called a center of accessibility and the distance to its farthest
point is called the radius of accessibility, If theant and his girlfriend are located at the poles

of inaccessibility they are as far apart as possible on the block, 1ftheant isat a center of
aceessibility his girlfriend can be placed ne farther from him than the radius of accessibility.

Problem 5: Where are the poles of inaccessibility and what is the radius of inaccessibility
for the 1xxz blodk? (The radius of inaccessibility is greater than 3.e1)

Problem & ‘Where are the centers of accessibility and what isthe radius of accessibility
for the 1x1:2 blodd?



The 1xaxb Block

The most general case where the block has arbitrary edge lengths may be scaled to a 1:axb block
where isthe shortest sideand b isthe longest side. Toanswer questions for the general block
like those posed in the prior section it is useful to unfold the Block as shown in Figure &, The block
isunfolded in possible ways about the1xa face showing all zo relevant placements and orientations
of the opposite 1xa face, The 1xa face is selected because for the moment we're interested in
finding the distance between points on opposite 1xa faces. Only one copy of each 1xb and axb

face is shown but their images can be imagined to connect the opposite 1xa faces, A point, @, is
located on the opposite face and its zo images are shown, 1t's mirror point, Q) reflected through
the body center of the block is shown on the center face, which is expanded in Figurez, Aswith
the 1x13z block a coordinate systemn is defined with the origin at the lower left corner of the 1xa
face, Because of symmetry @' can be retated into the the lower left quarter of the 1xa face with
coordinates as shown in Figure 7, Tomeasure the distance from an arbitrary point, P=0<y), to Q
it is necessary to consider all zo paths from P to @ and to select the shortest one, Coordinates of
gach of thezoimages of @ are given tothe right of Figure &, To find the farthest point from a
chosen @ onewvaries P over the whole1xa rectangle, computing its distance from G (by taking the
shortest of thezo paths) and finding that location of P giving the greatest distance.
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